We show that there is a correspondence between Goldbach conjecture sequences (GCS) and expectation values of the number operator in Fock states. We demonstrate that depending on the normalization or not of Fock state superpositions, we have sequences that are equivalent and sequences that are not equivalent to GCS. We propose an algorithm where sequences equivalent to GCS can be derived in terms of expectation values with normalized states. Defining states whose projections generate GCS, we relate this problem to eigenstates of quantum harmonic oscillator and discuss Fock states directly associated to GCS, taking into account the hamiltonian spectrum and quantum vacuum fluctuations. Finally, we address the problems of degeneracy, maps associating GCS and Goldbach partitions.
I. INTRODUCTION
One of the simplest assertions in mathematics, proposed by Goldbach to Euler in 1742, the Goldbach's conjecture (GC), also called strong GC, establishes in its simplest form that even numbers greater than 2 are always written as a sum of two prime numbers. If we go from the first term, 4 = 2 + 2, to a given intenger k, that corresponds to a term of type 2(k + 2), we have finite GC sequences (GCS). It is an open problem to prove that such GC is valid for an arbitrary sequence, i.e., for any integer k ≥ 0, although there was not found any exception [1] [2] [3] . The main point in this problem is dealing with an infinity of even numbers and a corresponding infinity of prime numbers, i.e., to prove that there is no exception for any even number. From the fundamental theorem of arithmetic, any natural number n can be written as a product of primes p 1 ...p k , for a given k, n = p 1 ...p k and, in particular, it is also proved that there is an infinity of primes, since n + 1 cannot be completelly divided by p 1 ...p k , i.e, there is a remainder 1. Since Cantor [5] , we know that there are many types of infinity and that the infinity associated the sets of even numbers, natural numbers and prime numbers have the same cardinality ℵ 0 . As in the example of other mathematical problems [4, [6] [7] [8] [9] , we know that there is advantage in writing the mathematical problem in a way to make use of the advances in quantum algorithms, what can be useful for a quantum computer processing. As such, we can reexpress the GC problem quantum mechanically, looking for quantum algorithms to write such sequences in order to achieve an arbitrarily large GCS. From the fundamental point of view the states associated to GCS can also be connected in important question of physical interest [10] .
In this letter, we consider the problem associated to the generation of GCS in quantum mechanics. We consider sequences involving Fock states and consider their equivalency to the GCS. We show that there is a correspondence between the GCS and expectation values of the number operator in Fock states. From the experimental point of view, Fock states can be created in many different quantum systems [11, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] and are, consequently, adequate for the problem in view. We demonstrate that depending on the normalization or not of the superpositions of Fock states, we can generate sequences that are equivalent and sequences that are not equivalent to the GCS. In order to circumvent the problem related to the normalization, we propose an algorithm to generate a sequence involving expectation values with normalized states that is equivalent to GCS. We also propose states associated to GCS that generate all GC terms by means of projection relations and consider their association to the Hamiltonian of a quantum harmonic oscillator. We show how these states are related to eigenstates of the harmonic oscillator and how the Hamiltonian acts on them. Considering Fock states directly associated to the GCS, we disscuss its role in the spectrum of the quantum harmonic oscillator and association to vacuum fluctuations. Finally, we address the degeneracy problems related to states associated to GCS.
II. GCS IN TERMS OF EXPECTATION VALUES
We first restrict ourselves to Fock states |k , with integers k ≥ 0, that fulfill an eigenvalue equation for the number operatorN =â †â , given byN |k = k|k . It is well known that these states can be generated from the vacuum |0 by means of repetitive actions of the creation operatorâ † ,
and can be annihilated by successive actions of the annihilation operator,â. The expectation value of the number operator in the pure the Fock state |k is then just k|N |k = k. We are also interested in superpositions of Fock states, that can also be generated from the vacuum by means of two different actions of the creation operator in a superposition of two orthonormal states
where 1/ √ 2 is due to the normalization factor. A special type of superposition is |k + |k = 2|k , involving the same Fock state. Taking into account the normalization, this state is equivalet to |k , with the denormalization factor 2. Usually, such superpositions are not a new state, in particular |k and 2|k correspond to the same physical state.
In the case of the superpostion state |k +|k ′ , we have, in the unormalized case,
and for the normalized superpositions
where k + k ′ is a sum of the integer numbers k and k ′ . Let us first consider non-normalized states. We proceed to the correspondence with the GCS defined by means of C n−2 -terms, for n ≥ 2. If n is not prime
and if n is a prime n = p
The corresponding GCS in terms of expectation values of the number operator is described by means of the following sets of equations: If n ≥ 2 is not a prime number,
and, if n ≥ 2 is a prime number n = p,
We can check immediatelly that C k and Q k correspond to equivalent GC terms for each 2(k + 2) even number.
III. NORMALIZATION OF SUPERPOSITIONS
We can consider two possible types of superpositions of Fock states: a normalized superposition (3) or non-normalized superpostion (4). Considering nonnormalized states, we have derived Q n−2 equivalent to the GCS C n−2 . Now, let us consider the normalized case. The question of normalization rises an ambiguity, related to the equivalence of quantum states. We emphasize that far from trivial, the ambiguities in quantum states can be related to fundamental questions, as observed in order physical situations [12] . Let us start analysing specific cases.
Consider the state |2 . The expectation value ofN in this state is given simply by 2|N |2 = 2. On the other hand, the superposition |2 + |2 = 2|2 represents the same state as |2 , with a denormalization factor 2. But, if they correspond to the same physical state, the result of the expectation value should be the same for both states, i.e., 2|N |2 = 2. Returning to the term Q 0 , the equality 4|N |4 = 2|N |2 + 2|N|2 = 4, we note that it is possible rewriting in terms of the following projection
However, the state |2 + |2 corresponds to the same state as |2 , when we introduce the normalization, i.e., (|2 + |2 )/2. By rewriting the superposition with this normalized superposition, we have
We can also take the expectation value
Other important point is when the states are associated to two different prime numbers. Let us consider the specific case of Q 2 . When taking the normalization into account the sum 3|N |3 + 5|N |5 can be considered as an expectation value in some superposition. Indeed, we have
In the normalized case, these superpositions have a 1/ √ 2 factor, such that
We can generalize these results with a new sequence, considering normalized states.
If n is not a prime number, we can write
and if n is a prime number p, we have
Thus, the normalization of superpositions will lead to a new sequence Q n−2 that is not equivalent to the GCS C n−2 and their equivalent Q n−2 .
IV. ALGORITHM FOR NORMALIZED GCS
We can have an alternative to the normalized sequences that can be equivalent to C n−2 . We propose the following algorithm, associated to properties of
With this algorithm we can write a new sequence Q k that will be equivalent to the GCS C k , described by
if n is not a prime number and by
if n is a prime number p.
Notice that now we have an equivalence with the GCS C n−2 . In fact, the expectation values correspond to the tems in the GC, as 2n = 2p or 2n = p 1 + p 2 . The sequence Q n−2 is achieved by introducing the operator 2N in the calculation of expectation values associated to superposition of prime numbers. It solves the problem with the factor 2 that results of the equivalence between the states
In this form, the operator for the sequence is in a symmetric form, such that when taking the expectation values
and
we achieve at the same results associated to the GCS. Since the Fock states are eigenstates of the following harmonic oscillator hamiltonianĤ = ω 1/2 +N , the transformation from the number operator to the new operator,N → 2N corresponds to the following canonical transformationĤ
This new hamiltonian corresponds to an increasing in the energy eigenvalues and preserving the same vacuum fluctuations, i.e.,Ĥ ′ |m = (ω /2 + (2ω) m)|m . The part not associated to the vaccum fluctuation has an increasing in the frequency ω → 2ω. The algorithm for the generation of Q n−2 then involves a canonical transformation procedure for the superposition of prime number states.
V. PROJECTIONS AND STATES ASSOCIATED TO GCS
Let us return to the non-normalized sequence, the terms Q n−2 . Taking into account the term Q 0 , we can write its corresponding equation in the following form 4|N |4 − 2 2|N |2 = 0. Instead of trying to think in terms of expectation values, we can consider this equality as a projection involving possible superpositions of Fock states. Indeed, we can write that in the following way ( 4| − 2 2|)N (|4 + |2 ) = 0. Here the normalization is not a problem and we can include the normalization factors such that the equality can be written as
In this form, the GCS is associated to two states, whose projections followed by the action of the number operator correspond to an equivalent GC term. In order to consider the case for two different prime numbers, let us return to the Q 2 . We can write 8|N |8 − 5|N |5 − 3|N |3 = 0. This equality can be written as a projection involving two different states
Since these projections do not lead to normalization problems, this is another alternative way to establish a correspondence with the GCS C k . We can then generalize the above for any 2n = p + p and 2n = p 1 + p 2 , by defining the following states
These states generate the GCS by means of the following projections
We can then write a new sequence equivalent to the GCS C n−2 , with the following sets of states and projections:
if n is not a prime number and
if n is a prime number p. We can associate these states to states of harmonic oscillator by the following relations
It is immediate to show that these superpositions are normalized and correspond to eigenstates of the harmonic oscillator with eigenvalues ω We can then rewrite the action of the hamiltonian in the following form
The sequences G n−2 are then associated to states of excitations in the harmonic oscillator and are equivalent to the GCS C n−2 .
VI. GC AND SPECTRUM OF OSCILLATOR
We can also consider the states |2n , |2p , |p 1 + p 2 and |2n − p 1 − p 2 , that are associated as component terms in GCS. These states have particular eigenstates in an harmonic oscilator
(43) As a consequence the GC terms are associated to the same spectrum in the hamiltonian. In the case of the state |2n − p 1 − p 2 , the GC will be associated to the vacuum state |0 , as such their energies are vacuum fluctuations.
VII. GC PROBLEM, GOLDBACH PARTITION AND DEGENERACY OF STATES
The GC problem can be seen as a question about mapping. We can divide positive integers in even numbers 2n and odd numbers 2n + 1. Considering an even number 2n, if n is prime, then we just multiply by p and get the GCS 2n = 2p = p + p, as discussed above. If n is not prime, p 1 and p 2 are two different prime numbers, the form 2n = p 1 + p 2 is applied. This discussion can also be started from the prime numbers. Let p 1 and p 2 be odd prime numbers, i. e., different from 2. Their sum then is even, consequently
On the other hand, let one of the numbers be 2, then the sum is odd,
Consequently, the set of the numbers in the GC is a subset of even numbers. Let us call the set of even numbers E(n) = {2n; n ∈ N }. The set of GCS will be given by given by
Since all these sums are even, we have
where E(n) − 2 is the set E(n) without the number 2.
But if the GC goes to all even numbers, we have to prove there is a surjective (onto) map
This accounts for the correspondence to generate all GCS. Although this is a problem in the infinity case, for a finite GCS it can be completely constructed for an arbitrarily large n. Let E 2n − 2 be a set with even numbers until 2n, excluding 2, i. e., n > 1. Let (GCS) 2n be a finite sequence of GC terms until 2n = p 1 + p 2 , n > 1.
As an example,
(51) . . .
The Goldbach partition imply that a given even number can have different ways to be written as a sum of prime numbers. We can define the following sets (GCS) 4 = {4 = 2 + 2} (53) (GCS) 6 = {4 = 2 + 2, 6 = 3 + 3} (54) (GCS) 8 
The onto maps f 2n relating the sets E 2n −2 and (GCS) 2n , f 2n : E 2n − 2 → (GCS) 2n . Examples of these maps are showed in the figures 1 and 2. . . . the correspondence to the GCS can also be realized by means of defined quantum states |G 2n,p and |G (±) 2n,p1,p2 , without problems with normalization. We derived relations of these states with eigenstates of an harmonic oscillator and the action of the corresponding hamiltonian. We also have showed that Fock states |2n , |2p , |p 1 + p 2 and |2n − p 1 − p 2 directly relate the GCS to the spectrum an harmonic oscillator. Finally, we addressed the problem of degeneracy associated to Goldbach partitions and discussed onto maps that build GCS at arbitrary size. Using the equivalence with the sets relating quantum states, we also showed that such maps can be established using quantum states. This possibility implies that GCS can be generated in different physical implementations, in particular cases where Fock states can be completelly controlled, as quantum optical systems.
